On Particles Creation and Renormalization 
in a Cosmological Model with a Big Rip 
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Abstract. An exact solution is obtained for a massive scalar field conformally coupled with the curvature 
in a cosmological model with the scale factor a(t) = ao/\t\, corresponding to background matter with the 
equation of state p = — he/3. An expression for the number density of created particles is obtained, and 
its behavior is studies as the model approached the instant of a Big Rip. Renormalization of the energy- 
momentum tensor is considered, and it is shown that back reaction of the quantum effects of a conformally 
coupled scalar field on the space-time metric can be neglected if the field mass is much smaller than the 
Planck mass and if the time left to the Big Rip is greater than the Planck time. 
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1. Introduction 

Particle creation in curved space-time has been 
actively studied since the 70s of last century. Re- 
sults were obtained which may have important ap- 
plications in cosmology and astrophysics (see [1]). 
In particular, creation of particles with mass on the 
Grand Unification scale by the gravitational field of 
the early Universe may be used for explaining the 
observed density of visible and dark matter [5] and 
be related to observations of superhigh-energy cos- 
mic rays [3]. 

In connection with the recent discovery of the ac- 
celerated expansion of the Universe, it is of interest 
to study quantum effects in the cosmological back- 
ground determined by matter with negative pres- 
sure, in particular, phantom matter. In this pa- 
per, we consider particle creation in cosmological 
model that admits an exact solution of the scalar 
field equation. This exact solution makes it possible 
to analyze the behavior of expressions for the num- 
ber density of created particles as the cosmological 
time tends to the instant of a Big Rip. We also con- 
sider renormalization of the energy-momentum ten- 
sor (EMT) and study the back reaction of quantum 
effects of the scalar field on the space-time metric. 

We use the system of units in which h = c = 1 . 
The signs of the Riemann and Ricci tensors are cho- 
sen in such a way that R l jki — 9iT l j k — dk^ji + 



ri p n 
1 nl L jk 



p i p n 
1 nk L jl> 



Rik = R uk: where T l jk are the 



Christoffel symbols. 

2. Scalar field in a homoge- 
neous isotropic space 

Consider a complex scalar field ip(x) of mass m 
with the Lagrangian 

L{x) = y/\g~~\ [g lk d tV *d W - (m 2 + £ C R) <^>] (1) 

and the corresponding equation of motion 

(V l V, + m 2 + £ C R) <p(x) = , (2) 

where Vj are covariant derivatives in A-dimensional 
space-time with the metric gik, R is the scalar cur- 
vature, £ c = (N - 2)/ [4 (A - 1)] (£ c = 1/6 for 
A = 4), <7 = det(<7i&). Eq. |(5J) is conformally invari- 
ant if m = 0. 

For homogeneous isotropic space-time with the 
metric 



ds 2 = dt 2 - a 2 (t) dl 2 = a 2 (rj) {drf 



dV 



(3) 



where dl 2 is the metric of (A — l)-dimensional space 
with constant curvature K = 0, ±1, the full set of 
solutions to Eq. (J5J) can be found in the form 



where 
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p(x)=a-( N - 2 V 2 (r 1 )g x (r,)$j(x), (4) 

g'{(ri) + u 2 (r 1 )9x(ri) = 0, (5) 
Lj 2 {rf) =m 2 a 2 (r]) + X 2 , (6) 
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*N-1 



$j(x) = - A 2 - 



N- 2 



K $j(x), (7) 



J is the set of indices (quantum numbers) enumer- 
ating the eigenfunctions of the Laplace-Beltrami op- 
erator Ajv_i in (N — l)-dimensional space. 

In accordance with the Hamiltonian diagonaliza- 
tion method pQ, the functions g\{rf) should satisfy 
the following initial conditions [I]: 

g'xim) = iu(m)g\(vo) , \gx(vo)\ = w^ 1/2 (7 ?0 )- (8) 

If the quantized scalar field is in a vacuum state 
for the time instant 770, then the number density 
of particle pairs created by the instant 77, can be 
calculated (for the quasi-Euclidean metric with K — 
0) by the formula [T] 



71(77) 



B 



N 



2a N ~ 1 



Sx (77) A 



N-2 



dX, 



(9) 



where B N = [i^n^-^T^N- l)/2)] , T(z) 
is the gamma function, and 

Sx(v) = \g'x(v)-iugx(v)\ 2 /(^). (10) 

As has been shown in [4], Sx ~ A -6 , and the integral 
in ([9]) converges for N < 7. 

3. A cosmological model with 
phantom matter 

Consider a cosmological model with the back- 
ground mater having the equation of state p = we, 
where w < — 1. from the Einstein equations 



Rik — -^9ikR = —8irGT ik , 



(11) 



where Tfc = diag (e, —p, . . . , — p), it follows that, in 
the metric (j3|), the energy density of the background 
matter grows according to the law 

£(77) -a-^^- 1 ^). (12) 

For K = 0, from fTTj) we obtain 

a = a Q /{-tY = a l /{-r ] f, (13) 
where t e (—00, 0), 77 G (— 00, 0), 
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N-3 + w(N- 1) 
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1-/3 



(14) 



For to < — 1, /3 e (0,1), and there is a "Big rip" 
singularity [5J at t — > — 0. 



For the value w = -(JV + 1)/(N - 1) (so that 
w = —5/3 in four-dimensional space-time), when 
q = 1 , /3 = 1/2, Eq. (f5]) can be solved exactly in 
terms of degenerate hypergeometric functions (see 
(2.1.2.103) in Ref. [B]). The solution satisfying the 
condition ([5]) as 770 — > —00, has the form 

9x(v) = -2iij\/\ cxp^- ^ &1 + 7(A?7 + a jj x 

x*(l + ^i,2;-27A77), (15) 

where ^(a, 6; z) is Tricomi's degenerate hypergeo- 
metric function, and ao is an arbitrary real con- 
stant. In what follows, we will suppose that quan- 
tized scalar field is in a vacuum state for a time 
instant 7/0 — > —00. 

Let us introduce p\ — A/ (ma), the physical mo- 
mentum A/a measured in the units of m. Making 
the corresponding substitution in @, we obtain for 
the density of particles created by the instant t: 



00 

n(t)=m N -^ Js px {t)p N x - 2 d Px , 


where, in agreement with (|10p and ([1 



(16) 



s PX (t) 



x i2mt - 4 



(V 1+ Pa-Pa) 



777lt 

* 1- - — , 2;-ip x mt 
4p A 



mt(mt + i4p x )ty[2 , 3: 

4p A 



-ipxrnt 



Let us find the asymptotic S Px (t) for t — > 
From Eq. 6.7.(13) from [7] we obtain, as z — > 0, 



(17) 
-0. 



*(l + az, 2; z) = 



*(2 + az, 3: z) = 



1 



zT(l 
1 



r(2+az)Vz 2 



Q{\z\nz\), (18) 



0(|zlnz|). 
(19) 



Therefore, 



s Px (t) 



4p A 



1 



2 

Pa 



(20) 



Let us note that this an asymptotic as t — > — 0. The 
main term of the asymptotic S Px (t) as p A ^ 00 
is proportional to p^ 6 and has the form S Px (t) 

3 A 7 



l/(16p A m 2 /; 2 ). 
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Figure 1: Time dependence of the number density 
of created particles {w = —5/3). 

Fig. [T] shows the time dependence of the number 
density of created particles for N = 4. 

The dashed line corresponds to the asymptotic 
value n = m 3 / (2Att 2 ) which can be obtained by in- 
tegration (f20|) in the exprassion (|16j) . As is seen 
from Fig.[l] particle creation mostly begins near the 
Compton time tc = —1/m before the Big Rip. 

4. Renormalization of the 
energy-momentum tensor 

In obtaining the renormalized vacuum EMT, let 
us note that, in the homogeneous, isotropic space 
with K = 0, the vacuum EMT is diagonal, (Tf ) rcn = 
diag(e ¥ ,, — p v , . . . , —p v ), and its components satisfy 
the covariant conservation condition 



a'(n) 

(e v )' + ^(N-l)(e v + Pip ) = 0. 



(21) 



For a scalar field conformally coupled to the cur- 
vature, the vacuum EMT for N = 4 and K = can 
be presented in the form 



(7f) rcn = jf + 



1447T 2 14407T 



IOtt 2 V 1 



1(1 



9. 

where G\ — R$ — Rgf/^ is the Einstein tensor, the 
expressions for the tensors Wif* and ( 3 )£f* are given, 
for example, in [1], 



f° = F 



l 



7r 2 a 4 (?7) 



W (7 ? )5 A (7 ? )A 2 dA, (23) 



and f£ — —S^ps can be found from (|2"Tj) . a,/3 = 
1,2,3. In the iV-dimensional case, renormaliza- 
tion of the EMT with the aid of the ZePdovich- 
Starobinsky n-wave procedure [5] has been consid- 
ered in [jj]. 



Figure 2: Time dependence of e s . 

For a(t) — ao/(—t), from (I22p we obtain 

. . m 2 1 
= e s (*J 

P v =Ps(t) + 



48ttH 2 487r 2 i 4: 
5m 2 7 



144tt 2 £ 2 1447r 2 i 4 ' 



where 



4 °° 

£ sW = f s pAt)^+p\pldpx- 



(24) 
(25) 

(26) 



The calculated results £ s (i) with S px {t) from (fiTf 
are presented in Fig. [5J 

As is seen from Fig. [2j as t — * — 0, vacuum EMT 
is dominated by the second and third terms. Let us 
estimate their influence on the space-time metric. 

according to the Einstein equations, the back- 
ground matter EMT is T t k = -Mj, G-7(8tt) (where 
Mpi = 1/VG is the Planck mass). Consequently, 
the ratio of the second term in (|22|) to the back- 
ground EMT is 



A3? (2) 



-1 
18tt 



A I 



pi 



(27) 



which is negligibly small for m <C Mpi. Note that 
the conclusion that it is possible to neglect the back 
reaction of created particles on the space-time metric 
in models with phantom matter was made in |10j in 
the case of a massless minimally coupled scalar field. 

For the third term in the vacuum EMT (|22|) . we 
obtain 



AT<?(3) 



1 



ATf(3) 



7 



T ° 



18TT(tMpi) 2 



T 



90ir(tMpi) 2 ' 
(28) 

Therefore, the influence of the third polarization 
term in the vacuum EMT on the space-time met- 
ric becomes important only at times smaller than 
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Planckian, \t\ < tpi = 1/Mpi, before the Big Rip. 
At such times, it would also be necessary to take 
into account not only the back reaction of a quantum 
field on the metric [11] but also effects of quantum 
gravity itself. 

We conclude that the back reaction of quantum 
effects of a massive, conformally coupled scalar field 
on the space-time metric, in the cosmological model 
under consideration, with an exact solution of the 
field equations, can be neglected in the whole region 
where one can apply the approach of quantum field 
theory in curved space-time. 
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